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Abstract 

We find a new family of non-separable coordinate transformations bringing 
the FRW metrics into the manifestly conformally flat form. Our results are 
simple and complete, while our derivation is quite explicit. We also calculate 
all the FRW curvatures, including the Weyl tensor. 
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1 Introduction 



The fundamental Cosmological Principle of the spatially homogeneous and 
isotropic (1 + 3)-dimensional Universe (at large scales) gives rise to the stan- 
dard Friedman-Robertson- Walker (FRW) metrics of the form [H [2] 



ds"^ = dt^ - a^{t) 



1 — kr"^ 



where the function a{t) is known as the scale factor in 'cosmic' coordinates 
{t,r,9,(l))] we use c = 1 and dQ"^ = d9^ + sin^ 9d(j)'^, while k is the FRW 
topology index taking values (—1, 0, +1). Accordingly, the FRW metric (1.1) 
admits a 6-dimensional isometry group G that is either 5*0(1,3), E{3) or 
5*0(4), acting on the orbits G/ 5*0(3), with the spatial 3-dimensional sections 
H^, or 5*^, respectively. 

By the coordinate change, dt = a{t)dr], the FRW metric (1.1) can be 
rewritten to the form 

ds'^ = a^irf) 



dr 



2 



rf^2 _ _ ^2^^2 

1 — kr^ 



:i.2) 



which is obviously (4d) conformally flat in the case of A; = 0. It immediately 
implies that the 4d Weyl tensor of the FRW metric vanishes in the 'flat' 
case of = 0. In fact, the FRW Weyl tensor also vanishes for k = —1 and 
k = +1 (see Appendix for our explicit check). In its turn, it implies that 
there exist the coordinate transformations that bring the FRW metrics to 
the conformally flat form in the non-trivial cases of /c = — 1 and k = too. 

Though the fact that the FRW Weyl tensor vanishes for all topologies 
is known, while some special coordinate transformations bringing the FRW 
metric (1.2) to the conformally fiat form are also known (see the end of Sec. 2), 
to the best of our knowledge, we are not aware of any systematic treatment 
of all such transformations in the literature, as well as their most general 
form, with an arbitrary scale factor. Because of the great importance of the 
FRW metrics to physics, knowing such explicit transformations is desirable, 
when taking advantage of the vanishing Weyl tensor. In this paper we find 
that the transformations in question are surprisingly simple. 

Our paper is organized as follows. In Sec. 2 we consider the case of 
A; = — 1 in great detail. Sec. 3 is devoted to the case of k = We find that 



^Our notation follows ref. [2^, and it is given in Appendix. 
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there is the fundamental difference between those two cases, as regards the 
existence of separable real solutions. Possible physical applications are briefly 
discussed in Sec. 4. In Appendix we summarize our notation, calculate all 
the FRW curvatures, and verify that all the FRW Weyl tensor components 
vanish. 



2 The open FRW case k = -1 

Let's introduce a coordinate x by 

r = sinh x (2-1) 

Then the FRW metric reads 

-ds^ = a^{ri) [-dr/2 + dx^ + sinh^ ^dfi^] (2.2) 

We are looking for some new local coordinates C,{i],x) and R{ri,x) in 
which the metric (2.2) would be manifestly conformally fiat, i.e. 

-ds^ = a\^, R)A\^, R) [-de' + dR^ + R^dn^] (2.3) 

where 

a{^,R):=a{v{^,R)) (2.4) 
and A is yet another function of ^ and R. Substituting 

de = e,^dr/ + e,^dx (2.5a) 
dR = R,^dri + R,^dx (2.5b) 

into eq. fl2.3p gives 

-ds' = a'{^, R)A\^, R) [ - (e„ )W - 2^,, U ^Vdx - iU W 

+ (i?„ fdf]' + 2R„ R,^ dr]dx + (i?,x W 
+ R^dn^] (2.6) 

which should be the same as eq. (12.21) . Hence, the functions A, ^ and R obey 
the following non-linear partial differential equations: 

-I = A'[-i^„r + (R,,)'] (2.7a) 

I = A'l-iu? + (R^xf] (2-rb) 

= -2e„e,x+2^..^>x (2-7c) 
sinh'x = A2(e,i?)i?2 (2.7d) 
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A substitution of eq. (12.7dp into eqs. fl2.7al) and (12.7b|) gives 



i^,,)' = + iR,r,y (2.8a) 

iuy = —^+iR^xr (2.8b) 

whereas a substitution of eqs. ( ]2.8ap and ( ]2.8bl) into eq. ( ]2.7cp gives 

— ^ + (i?,J^-(i?„)2 = (2.9) 
smii X 

Equations (EHi]), (IZ^Sbl) and (jZl) now imply 

iR,r,f = iUf (2.10a) 

(i?,j2 = (e„)^ (2.10b) 

and, hence, 

i?,^=(Tie,x (^i = ±l) (2.11a) 

i?,^=a2e,r,, (a2 = ±l) (2.11b) 

The original equations fl2.7ap to (I2.7dl) are invariant under the sign flip of 
^ and R, so that we can remove one of those sign ambiguities. Let's redefine 
^ ^ cTiC^ in order to get 

R„=U (2.12a) 
R,x =^3e,r, . (c^3 := cTia2 = ±1) (2.12b) 

When choosing the elliptic case = —1, eqs. f l2.12al) and ( ]2.12b[) are 
nothing but the Cauchy-Riemann equations, whose general solution for R 
and ^ is given by the real and imaginary parts, respectively, of an arbitrary 
complex (holomorphic) function F(?7 ± ix)- However, it is inconsistent with 
the remaining equations fl2.7cl) and (12.7dp . Therefore, since we are interested 
in a real solution, we have to choose the hyperbolic case, = +1. 

A solution must satisfy the integrability condition 

R^v 'X ~ R^x (2.13) 
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which via eqs. (I2.12al) . (12.12b|) and fl2.13l) yields a linear (!) equation 

92 92 



^ = (2.14) 



Equation fl2.14p is just the two-dimensional wave equation whose general 
solution is given by 

i = i+{v + x)+i-{v-x) (2.15) 

where ^+ and are arbitrary functions oi 7] + x ^"^^ V ~ Xi respectively. 
Substituting eq. (12.151) into eq. fl2.12ap yields 

OX OX 
d d 

whose integration with respect to 77 gives 

R = ^+-^- + fix) (2.17) 

where the function f{x) is actually a constant because of eq. ( I2.12bl) . That 
constant amounts to a trivial shift of R, while it can also be included into 
any of the functions ^+ or so we simply set it to zero. As a result, we get 

^ = UV + X)+UV'X) (2.18a) 
R = ^+{V + X)-UV-X) (2.18b) 

with some yet to be determined functions ^+ and ^_ of a single variable. 

To determine the remaining functions, we substitute eqs. f l2.18ap and 
fl2.18bp into eq. fl2TaP and get 

^ (2.19) 



sinh^X (e+-e-)2 

where the primes mean the derivatives with respect to + x or 77 — x, re- 
spectively. We now introduce the new coordinates x and y as follows: 

x:=V + X, y-=V-X (2.20a) 

x-y x+y 
X = V = — — (2.20b) 
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Then 02111]) takes the form 

1 4eux)euy) 



f2.211 



It should be satisfied for any values of x and y so, when we set ?/ = in 
(I2.2ip . we achieve a separation of variables, 

1 d. ^ _ _ d,, (2,22) 



sinh^f «+W-?-(0)) 



2 

After integration, we get 

where c+ is an integration constant. Similarly, when we set x = in 
eq. dMH), we get 

and, when we set x = ?/ = 0, we get 

e+(o) = e-(o) (2.25) 

We can remove some integration constants, without changing a value of 
R by the rede finitio ns -> - ^_(0) and i-iy) ^ ^-(l/) - ^+(0), 

because of eq. fl2.25l) . Also, when differentiating eq. (I2.23P with respect to x 
at X — > 0, we find 

e;(o) = c(o) (2.26) 

Hence, after a redefinition ^± 2^\o) arrrive at 
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Substututing eqs. fl2.27al) and (12.27bl) into eq. 02.211) for a final check, 
and using an identity sinh(a ± /5) = sinli a cosfi /3 ± cosli a sinfi /?, just gives 
c+ = c_ := c. Collecting all together, we arrive at our main result 

1 1 



R 



coth 



+ c 



coth + c 



coth 2^ + c 



coth -2^ + 



(coth2±>^ + c)2(coth2^ + c)2 



(coth ^ - coth 2±x) 
The inverse transformation is given by 

2 



sinh^ X 



7] = coth 



-1 



X 



coth 



2 



— c 



— c 



+ coth 



— coth 



i-R 

2 



— c 



— c 



(2.28a) 
(2.28b) 

(2.28c) 

(2.29a) 
(2.29b) 



We verified by a straightforward calculation that our solution (2.28) obeys 
the initial equations (2.7) at any value of the parameter c. 

It should be mentioned that we never assumed a separation of variables 
in solving the non-linear differential equations. However, when we choose 
c = ±1 above, eqs. fl2.28al) and (]2.28bp take the form 

^ = ± [l -e^'^coshx] (2.30a) 
i? = e^''sinhx (2.30b) 

It is the solution that one easily gets by assuming a separation of variables, 
and it is precisely the one given in ref. [2] — see the footnote after eq. (113.5) 
overthere. 

When choosing c = 0, one gets a non-separable solution 

2 sinh f] 



R 



cosh T] + cosh X 
2 sinh X 



(2.31a) 
(2.31b) 



cosh Tj + cosh X 

that can be found in refs. O SI E]. 

Thus our new solution (2.28) can also be considered as the interpolating 
solution between the previously known special solutions of refs. [2] and [H HJ 

E]. 
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3 Closed FRW case, /c = +1 

A derivation of the coordinate transformation of the closed FRW metric to 
its manifestly conformally flat form is almost the same as that in the previous 
section, with sink and cosh being replaced by sin and cos, respectively. So, 
we skip many details here and present only our notation (in fact, very similar 
to that of Sec. 2) and our results. 

First, we introduce a coordinate x by 

r = sinx (3.1) 

and some new coordinates ^(?7, x) Rijl^x) i^i which the closed FRW 
metric (1.2) would be manifestly conformally flat, 

-ds^ = a(^, R)A^{i, R) [-d^^ _^ ^ ^2^^2j ^3 2) 

It gives rise to the following set of the non-linear partial differential equations: 

-l = A2[-(e„)2 + (i?,^)2] (3.3a) 

^ = A'[-{Uf + {Rrxf] (3.3b) 
= -2e,^e,x+2^'^^>x (3-3c) 
sm^X = A\i,R)R\ (3.3d) 

When proceeding as in the previous section, with the integrability con- 
dition (12.131) playing the central role, we arrive at a linear wave equation 
again, 

e = (3.4) 



whose general solution is 

e = e+(^ + x) + e4^-x) (3.5) 

in terms of arbitrary functions ^_|_ and ^_ of 77 + x and t] — x, respectively. 
Similarly, one finds that 

R = UV + X)-UV-X) (3.6) 
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A substitution of eqs. fl3.5p and fl3.6l) into eq. fl3.3al) yields 



(3.7) 



where the primes indicate the derivatives with respect to 77 + x or 77 — x, 
respectively. We again introduce the new coordinates x and y as follows: 



x-=v + x, y-=v-x 

X — y X + y 

X = — V = 

and rewrite eq. fl3.7p to the form 

1 4e;(x)e(i/) 



sin^^ {U^)-UyW 



A solution to this equation is given by 



cot f + c+ 



cot I + c_ 



(3.8a) 
(3.8b) 

(3.9) 

(3.10a) 
(3.10b) 



with the same integration constants c+ = c_ := c. Here our main new results 
are (c/. eqs. (K28a^ and <^Mh^ ) 



R 



+ 



1 



cot 2±2C + c ' cot 2^ + c 



cot 



v+x 



2 + C cot + C 



(cot 2^ - cot 2±2C) 
The inverse transformation reads 



sm X 



7] = cot 



-1 



X = cot 



-1 



i + R 
2 

i + R 



cot" 



cot" 



i-R 
2 



(3.11a) 
(3.11b) 

(3.11c) 

(3.12a) 
(3.12b) 
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The transformations fl3.11ap and (13.11b|) appear to be non-separable for 
any real value of the parameter c, unhke the situation with A; = — 1 in the 
previous section. When (formally) taking c = ±i, eqs. (13.1 lap and fl3.11bp 
take the separable though complex form 

e = ±- [l-e^^^cosxl , i? = e^^^sinx, (3.13) 

i.e. there are no separable real solutions in the closed FRW case. 
When choosing c = in eqs. f l3.11ap and ( ]3.11bp . we get 

e = '^^"^ (3.14a) 

cos 1] + COS X 

R = ^^^ (3.14b) 

cos r] + cos X 

thus reproducing the special transformation founded earlier in refs. [3|,IH[5]. 



4 Conclusion 

The simplicity of our results is due to the fact that we were looking for the 
relevant coordinate transformations in the two-dimensional space (or plane). 
In physical terms, the null curves of that plane are to be invariant under 
such transformations, while eq. (I2.2ip or fl3.9p is nothing but the invariance 
condition in the null coordinates fl2.20ap or fl3.8ap . respectively. 

The real parameter c entering eqs. (2.28) and (3.11) just parametrizes the 
set of the coordinate transformations we found, so it does not have physi- 
cal meaning. For instance, it does not appear in the standard (physically 
equivalent) form (1.1) or (1.2) of the FRW metric. 

Once the FRW metric is transformed into the conformally flat form, there 
exist the 15-parametric group of four- dimensional conformal transformations 
(see e.g., ref. ([6])) that keeps the conformally flat form of the metric. There- 
fore, we can combine our one-parametric transformations in eqs. (2.28) or 
(3.11) with the conformal transformations in four space-time dimensions, in 
order to get a much larger non-trivial 16-parametric family of the coordi- 
nate transformations bringing the standard {k ^ 0) FRW metrics to the 
manifestly conformally-flat form. 

Though our results are rather technical, we believe that they may have 
interesting physical applications in cosmology and early Universe (see e.g.. 
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ref. [7|). The reason is that the FRW metrics are fully determined (up to a 
scale factor) by the symmetry, being independent upon equations of motion. 

All modern theories of quantum gravity, and especially string theory im- 
ply modifications of Einstein equations [8], [9] . They are believed to be crucial 
for any deeper understanding of inflation and Big Bang. Whatever those 
modifications are, they are going to include more fields and higher- curvature 
(or higher-derivative) terms in the effective gravitational equations of motion, 
so that our considerations in this paper could be quite useful for any such 
analysis at the level of the effective field equations. Those equations include 
the full curvature, not just the Ricci tensor, so that all the FRW curvature 
components are needed in their explicit form (see Appendix). 

The 'non-fiat' FRW metrics in their manifestly conformally fiat form may 
be particularly useful for applications of superstrings/M-theory to cosmology, 
because there are higher powers of curvature in the superstrings/M-theory 
effective field equations to all orders in the string slope parameter and the 
string coupling constant [TOt [TT] , while the FRW curvatures take their sim- 
plest form just in such 'conformally flat' coordinates. At the same time, it 
comes with the price: in the 'conformally fiat' coordinates the matter is not 
static anymore and is not even homogeneous in general, though it still ap- 
pears to be centrally-symmetric with respect to an arbitrary point in space 
(at the origin of the coordinate system). 

Note added: after the submission of our paper to arXiv.org |hep-t h/0702T39] 
and for publication, we learned that the similar results also appeared in the 
later submission [gr-qc/0704.2788]. We thank M. Ibison for correspondence. 
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Appendix: FRW curvatures 

In this Appendix we calculate all the FRW curvatures, as well as the FRW 
Weyl tensor. To calculate the Riemann tensor R^i,ab, we choose to work with 
the spin connection u^ab and the vierbein e°. We use lower case Greek letters 
for curved (spacetime) indices, and either lower case latin letters or lower 
case Greek letters with bars for flat (target space) indices. The definitions 
are (see e.g., ref. [12j ) 



<^/xa6 — -e'^^ i^cab + ^bac + ^bca) 


(4.1a) 


^abc ^ct^b i.^lJ,^cu ^v^^c^ 


(4.1b) 


^bac ^abc i ^/iba ^fiab 


(4.1c) 


Rfii/ab Sfj,uab ~\~ K^iy^f) 


(4.1d) 


S^uab — d^UJyab ~ d^^^ab 


(4.1e) 


J 7- C C 

J^fii/ab = ^fia ^ucb — ^ua ^ficb 


(4.1f) 



To check their equivalence to the standard definition of Riemann curvature 
in terms of Christoffel symbols, 

= /5 _ /5 FM I FM ra _ pa (A 0) 

upiT ucr ^cr^ up ~ pa'- va '- aa'- up V^-'^J 

where the Christoffel symbols are given by 

^lu = {9ap,u + gau,p - gpu,a) (4.3) 

it is most convenient to use the fully covariant constancy of the vierbein: 

d,e\ + u;,e\ - Tl^e\ = (4.4) 

and the fact that the definition of Riemann curvature in terms of the spin 
connection, 

Rp^b = d,<b - du^p\ + <c<. - ^/c<6 (4.5) 
is equivalent to a commutator of the covariant derivatives, 

[D,,D,]V'^ = R^:,V' (4.6) 
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where stands for the covariant derivative acting on local Lorentz (flat) 
indices only (in the vierbein formalism), 

D^e\ = d,e\ + uj;,e\ (4.7) 

Then we have 

= D^[{D,e\)V^ + e\D,V"] 

+ r%e"^9,V" + e^d^d.V'^ (4.8) 
which gives rise to the commutator (14. 6 P in the form 

= e\V-R\,. (4.9) 
Now the equivalence follows 

This equivalence is of course well-known, see e.g., ref. (|6]), so we consider 
our proof here as merely a consistency check of our notation. 
When a metric is of the 'diagonal' type 

3 

ds^ = {A,)\dzy - Y,{A,)\dz^f (4.11) 

it is convenient to use a diagonal vierbein 

e\ = A, (4.12) 
The FRW metric (1.2) is diagonal, with the components 

9v ■= 9m = +'^^ (4.13a) 

Qr ■.= grr = "^3^ ^^-l^^) 

99 ■= gee = -a^r^ (4.13c) 

= -aVsin2^ (4.13d) 
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so that we have 



Ar, = a, Ar = = , Ag = ar , A^ = ar sin 9 (4.14) 

and 

g, = VimiA,f (4.15) 

with the almost minus signature of our choice (as in ref. [2]) 

7] = diag(H ) (4.16) 

The non-vanishing spin connection components of a diagonal metric are 
(no summation over /x and z/) 



In the FRW case we have 



r]j^--d,A^ ifi^u) (4.17) 



1 . 1 



a a/1 - kr 



2 



1 

uJaa^ = ar 



a 



2 



= — Vl — kr 
= --ar sin 6* 



a 

= —V 1 — fcr^ sin Q 
= - cos ^ 

where the dots denote the derivatives with respect to r/, 

a := a,^ (4.18) 

The Riemann curvature (14.1dll is a sum of eqs. (14. lei) and (14.1fl) . The 

Sp^v-ps does not vanish when at least one of its indices p and o is either p or 
V. First, we take p = fi and a ^ v. Then we find 

Sp.\ = [{dJnA,){d^\nA,) - {dJnA,){dJnA,) - {d.dJnA,)] (4.19a) 
= [(5.1nA,)(9,lnA,J - {d,lnAp){d,\nAp) - {d,d,\nAp)] 

+ V^rir^^ [idplnAp)id,\nA,) - (9^ In A,) (9^ In A,) - (d^dplnA,)] 

(4.19b) 
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Next we calculate d^{\nAij): 

(lnA^),^= (Ina),^ 



{lnAr),r^ = (Ina),^ 
(lnA)„ 



1 — kr^ 



then 



and 



(ln^e),j? = (Ina),^ 
(ln^)„ = - 



(InA^),,, = (Ina),^ 
(In^^),^ = J 

(In^^),^ 



tan 9 

All the other components of dij{lnA^) vanish. 

Similarly, the components S^^^^^ (no sums!) are given by 



and 



. 11 



r 



tan^ r 



while otherwise zero. 

To derive the remaining components 5'^^'*^ (no sums!), we define 

B^, = (In A,),, (In A^),,-[{hiA^),,f - (In A^),, „ (4.20) 
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The S'^j, '^^ can now be rewritten to 



S^,\ = B,, + r^^^r^^^B,, (4.21) 



The non-vanishing components of B^y are 



It is now easy to get 



Bbt) = —(In a),n ,ri 

Bor = ^ 

1 — kr"^ 
B(f,ri = — (Ina),^ ,^ 

Brhf) = 1 



'^r,,/,'',^ = r^sin2^(lna),^,^ 

Q r _ 2 ■ 2 r, 

Sa^ = sin^ 6 



As regards a derivation of the K^^p^ components from eq. (I4.1fj) . they 
can be only non-zero when at least one of the indices p or ex is either /i or v. 
First, we set p = /i and a ^ v. Then we have 

K^^\={dMA;){dMA,) (4.22) 

whose non-vanishing components are 

Ker\ = -(Ina),^ 
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and 



K 



<f>r Tj 



-(In a),r, 
r 

1 1 



tan^ r 

Next, we set p = /i and a = u in order to calculate K^^^^, (no sums!) 



(4.23) 



The non-vanishing components are given by 



Ke\ = r' [(In a; 



^rO e 

K ^ 



sin^ 6 [(In a) 
sin^ 6 [(In a) 



"7 - 



sin2^(l - A;r^ 



We are now in a position to get all the non-vanishing components of the 

/e fin 

(Ina),^ ,^ 



Riemann curvature from eq. fl4.1dp . We find 

1 



R 

"qr r 



1 — kr"^ 
r2(lna),^ ,^ 

sin^ ^(In a),.^ 



Rn 



re e 



[fc+((lna)„)2] 
sin^^ [A; + ((Ina 
sin^^ [fc + ((Ina 



(4.24a) 

(4.24b) 
(4.24c) 
(4.24d) 
(4.24e) 
(4.24f) 



Accordingly, all the non-vanishing componentns of the Ricci tensor are 
given by 



R. 



vv 



-3(ln a),n 
1 



kr'^ 



[(Ina),^ ,^+2A; + 2((lna),^)2] 



Ree = r^ [(Ina),^ ,^ +2k + 2{{lna),J^] 
Rd, 



1 • 1 

r sm 



9 [(Ina),^,,^ +2A; + 2((lna),^)2] 



(4.25a) 

(4.25b) 

(4.25c) 
(4.25d) 
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Finally, the scalar curvature is 



R 



6 



- [(Ina),^ ,r,+k+ ((Ina),^)^] 



(4.26) 



a 



The Weyl curvature tensor is the traceless part of the Riemann curvature 
tensor, and it is defined by 



When using eqs. (5.24), (5.25) and (5.26), it is easy to verify that all the 
Weyl tensor components do vanish in the case of the FRW curvature. 



To conclude the Appendix, a few comments are in order. 

Of course, there are other ways to describe the vierbein formalism much 
shorter (e.g., when using the differential forms). Also, when using some 
deeper known results about physics and geometry, it may be possible to derive 
the Ricci tensor faster (e.g., when using its perfect fluid type, the rotational 
invariance, together with the Friedman and Raychaudhuri equations from the 
textbooks). However, all that would not help in a calculation of the FRW 
curvature components, which was one of our main objectives in this paper. 

The fact of the vanishing Weyl curvature also follows from the standard 
(Petrov) classiflcation [13] of curved spacetimes: the local isotropy is allowed 
by the Petrov types D and N only, however the symmetries of those types 
do not include spacial rotations. So, our explicit check of the vanishing Weyl 
tensor may be considered as a non-trivial check of our calculations of the 
FRW curvatures. 



r< p 



-- R P 

- \ {S^Ru. - S'^R,. - g.^Rf + g^uR;) 
+ \r {5P^g,„ - 6',g^„) . 



(4.27) 








(4.28) 
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